A fractal set which corresponds to the six-vertex model has been obtained and a relationship between the free energy of the six-vertex model and the fractal dimension of the fractal set was established. Notions which correspond to the transfer matrix and the n-equivalence has been found in the area of the fractal geometry. This correspondence can be generalized to the case of the models suitable to the transfer matrix treatment.
First let us introduce the six-vertex model. We begin with a rectangular lattice with h rows and w columns, and assign an arrow to each bond under the rule that two of four arrows point in and other two point out at each site (see Fig.1(a) ). Then six types of local arrow arrangements are possible. The site together with the four arrows around it is called the vertex. Each vertex is assumed to have finite energy ǫ 1 , ǫ 2 or ǫ 3 . The vertex energies are assumed to be invariant under the reversal of all arrows.
When a line is drawn on each bond that points down or points left, a one-toone correspondence between the configurations of arrows and the configurations of lines on the lattice can be found. These lines do not intersect each other. Each line begins from one bond on the boundary, and continues until it reaches another bond on the boundary. Thus the number of lines on the lattice is determined by the number of lines on the boundary.
The free energy of the six-vertex model on a rectangle with the cyclic boundary conditions in two directions was obtained by Lieb [1] [2] [3] and by Sutherland [4] . The transfer matrix of the six-vertex model V and the Hamiltonian of the XXZ quantum spin chain H XXZ commute, and hence they share the same eigenvectors. There also exists a simple relation between the eigenvalues of V and those of H XXZ .
Next let us introduce an equivalence relation of boundary conditions which is called the n-equivalences. [5] Let us consider models in which each of the local variables takes one of a finite number of discrete states. We consider the lattice where the number of boundary sites N ′ is of a lower order than the total number of sites N in the thermodynamic limit:
Let us consider a site on the lattice and the number of steps (the number of bonds) n ′ that is necessary to reach one of the sites on the boundary. There exists the minimum of n ′ for each site. Then let us consider the sites where the minimum of n ′ is equal to n. We call them the n-boundary sites. Let us consider the set of bonds between (n − 1)-and n-boundary sites, and call them the nboundary bonds. The set of n-boundary sites together with the n-boundary bonds is called the n-boundary, and configurations on the n-boundary are called the n-boundary configurations.
Let us introduce a set of n-boundary configurations {Γ i } which is the set of all the allowed configurations on the n-boundary under a specific boundary condition Γ on the actual boundary of the lattice. Then the equivalence of boundary conditions is defined as follows: boundary conditions Γ and Γ ′ are n-equivalent if {Γ i } = {Γ ′ i } as a set of n-boundary conditions. In some models such as the six-vertex model, the free energy depends on the boundary condition still in the thermodynamic limit. However it is derived [5] that the free energies with boundary conditions Γ and Γ ′ are identical in their thermodynamic limit, if the boundary conditions Γ and Γ ′ are n-equivalent throughout the limit with a finite n. It is also true when the number n diverges yet satisfies n = o(N/N ′ ) (N → ∞). [6] With the use of this equivalence, it is derived [6] that the free energy of the six-vertex model on a domain D, with fixed density of lines ρ 1 for the horizontal bonds and fixed density of lines ρ 2 for the vertical bonds on the boundary, are identical each other in the thermodynamic limit:
The equivalence can be defined on a part of the boundary, for example on the first low of the rectangle. In this paper, we will introduce this type of n-equivalence. In this case the corresponding n-boundary sites are those of the n-th low of the lattice. The n-equivalence corresponds to the irreducibility of the transfer matrix, and corresponds to the regularity of the stochastic matrix. It will be noted later in this paper that the n-equivalence also corresponds to a concept of fractal geometry.
Next we will introduce the iterated function system (IFS), which provides a way to construct fractal sets through iterations of contractions defined by a set of functions. First we will consider the Cantor set which is one of the simplest fractal sets generated by IFS. Let us consider the interval I 0 = [0, 1] and introduce two contractions defined by the functions F 1 (x) = 
Beginning from I 1 and again operating F 1 and F 2 , one obtains
Operating the functions F 1 and F 2 iteratively, one obtains the subset I n
Taking the limit n → ∞, it is known that there remains a non-vanishing subset, which we call the Cantor set. The Cantor set has ben generated by the set of functions {F 1 , F 2 }. This procedure can be generalized to the case of the set of finite number of functions {F 1 , F 2 , . . . , F s }, which we call the iterated function system (IFS). One can also introduce an additional index j to each interval, and introduce contraction functions F ij . The function F ij generates the interval of type i from that of type j. Not all the intervals can be generated from the interval of type j: some of the generations j → i may be prohibited. This restriction is often displayed through the graph, see for example Fig.2 , where each arrow corresponds to a possible generation. (Here we set the direction of the arrow corresponding to F ij as to begin from j and points i.) Two or more arrows from j to i, or from j to j, with different contraction ratios may exist. This kind of restricted IFS is called the graph-directed IFS.
In the case of the Cantor set, two similar small intervals are generated from an interval in each iteration with the contraction ratio r = 1/3. In the case of the simple equal division of a d-dimensional interval, the number of generated small intervals should be (1/r) d = 3 d . Then the similarity dimension d S is introduced through the relation
and one obtains d S = log 2/ log 3 = 0.6309 · · · < 1. The similarity dimension d S , which is defined in the case of self-similar sets, is the simplest example of fractal dimensions. One can introduce another fractal dimension. Let E be a non-empty and bounded subset of R d . Let N r (E) be the smallest number of d-dimensional intervals (d-dimensional boxes) of diameter r which can cover the set E. Then the box-counting dimension of E is defined as
This definition means that the smallest number of boxes to cover E is of order (1/r) d B , where d B = dim B E, in the limit r → 0. The Hausdorff dimension of E, usually written as d H = dim H E, is defined by introducing a countable collection of open sets to cover E, instead of the set of boxes. Taking the limit δ → 0, where δ is the suprimum of the diameters of the open sets, we can introduce the Hausdorff measure of E, and the Hausdorff dimension is defined as the dimension where the measure jumps from ∞ to 0 (see details for example [7] ). The Hausdorff dimension might be the most sophisticated dimension to measure fractals.
In the case of complicated fractal sets, these fractal dimensions often take different values from each other. However in our case, fractal sets generated by IFS, d H is equal to d B . In the case of self-similar sets, we have
Let us consider the six-vertex model on a rectangle with w columns and h lows (see Fig.1(b) ). When we fix the line configuration on the first low of the rectangle, we see that not all of the configurations are possible on the next low, because of the six-vertex restriction. The set of allowed configurations are determined by the configuration on the first low. Let us assume that the configuration is type j on the first low, and that the configurations i 1 , i 2 , . . . , i p 2 are allowed on the second low. Then assuming the configuration i l on the second low, configurations i ′ 1 , i ′ 2 , . . . , i ′ p 3 are allowed on the third low. The set of configurations {i ′ 1 , i ′ 2 , . . . , i ′ p 3 } is determined by the configuration i l . The configurations are generated by operating the low to low transfer matrix V . This iteration procedure corresponds to the generation of fractal sets by means of the graph-directed IFS. Now the graph-directed IFS and a possible set of fractals corresponding to the six-vertex model will be strictly defined.
Let us consider a finite number of 'dots' labeled by the index j. Let us introduce a set of directed edges, where each edge e (k) ij starts a dot j and ends at a dot i. A pair of dots j and i may be joined by several edges distinguished by the index k. Edges from the dot j to j itself may also exist. Let us introduce a contraction function
be the contraction ratio of F (k) ij , which is the infimum of the number r that satisfies |F
Let us consider a set of m directed edges (e ik 1 , e k 1 k 2 , . . . , e k m−1 j ), k l = i, j (l = 1, . . . , m− 1), which form a sequential path from j to i. Let E (m) ij be the set of such sequential m edges. We assume the transitivity condition, i.e. there is a finite and positive integer n such that for all i, j there exists an integer m ij ≤ n such that E (m ij ) ij is not empty. This means that there exist finite sequential paths in the graph joining every pair of dots j and i.
Then it is known that there exists a unique family of non-empty fractal sets {E j } such that
The set of functions {F (k) ij } is called a graph-directed IFS, and the fractal sets {E j } are called a family of graph-directed sets.
When the righthandside of (7) is disjoint, we say that the set of functions {F (k) ij } satisfies the separation condition. In the case of the six-vertex model, each 'dot' labeled j corresponds to the set of line configurations allowed under the condition that the boundary line configuration on the first low is fixed and labeled j. Each directed edge corresponds to an allowed generation of a configuration, from a configuration j on a low of vertical bonds to a configuration i on the low which lies below j.
The functions {F
(k) ij } are introduced as follows. Let us introduce an order of bonds as shown in Fig.3 and assign numbers {s l }, where s l = +1 (or s l = 0) if the arrow on the l-th bond points down/left (or up/right). When we assume w lows and h columns and the cyclic boundary condition in the horizontal direction, the number of bonds is equal to 2wh + w.
The set of numbers {s 1 , . . . , s w } is determined by the line configuration on the first w vertical bonds, which is the boundary condition on the first low. Let us introduce the number j = w l=1 s l 2 −l , which works as an index for the configuration on the first low of vertical bonds. The correspondence from {s 1 , . . . , s w } to [j, j + 2 −w ] provides a mapping from an allowed configuration to an interval.
When we consider the next 2w bonds, we will find a low of w vertices. Let us introduce contractions of each interval [j, j + 2 −w ] as
where
l=w+1 s l 2 −l provides an index of the line configuration on the lattice up to the second low of vertical bonds,r ij is an weight which satisfies 0 <r ij ≤ 1 and will be used later in (15), and in the union x 2 the index x 2 runs over all the allowed line configurations on the added 2w bonds with fixed {s 1 , s 2 , . . . , s w }. Let us introduce a function
which is an index that distinguishes line configuration {s (k−1)w+1 , s (k−1)w+2 , . . . , s kw }, e.g. p(x 2 , 1) = j. The contraction functions F (k) ij are introduced as
where p(x 2 , 2) = k and p(x 2 , 3) = i, and the contraction ratio of
Each index k corresponds to an allowed configuration of {s w+1 , s w+2 , . . . , s 2w } and the index i corresponds to an allowed configuration of {s 2w+1 , s 2w+2 , . . . , s 3w }. Thus a finite set of contraction functions is obtained corresponding to all the allowed generations from the configuration j to x 2 where p(x 2 , 3) = i. After the contractions by F (k) ij we find a set of intervals, where each interval [x 2 , x 2 + 2 −3wr (k) ij ] corresponds to an allowed line configuration {s 1 , . . . , s 3w } on the lattice.
When the number of lows is generally increased as h → h + 1, 2w bonds will be added. In this case, the contraction function works as
Contraction functions F (k) ij corresponding to the generation h → h+h 0 (h 0 ∈ N) are also introduced by straightforward generalizations.
Taking the limit h → ∞, we obtain the fractal sets {E j } generated by the graph-directed IFS where the set of contraction functions is given by {F (k) ij }.
As for the fractal dimension of graph-directed sets generated by a graphdirected IFS {F 
where r
αα ′ is the contraction ratio of F (γ) αα ′ and α, α ′ = 1, 2, . . . , q. Let ρ α (s) be the eigen values of A (s) . From the Perron-Frobenius theorem, we know that there exists a real and positive eigenvalue ρ max (s) which satisfies |ρ α (s)| ≤ ρ max (s) for all α. Then, Theorem 1 Let E 1 , E 2 ,. . . , E q be a family of graph-directed sets generated by a graph-directed IFS {F (γ) αα ′ } that satisfies the transitivity and the separation conditions. Then, 1) dim H E α = dim B E α , (α = 1, 2, . . . , q) 2) There exists an unique positive number s such that dim H E α = s for all α 3) The number s is obtained as the solution of the equation
In the case of the six-vertex model, let
where ǫ ij is the sum of the energy of the added w vertices. With this choice ofr (k) ij , the matrix A (s) becomes A (s) = (1/2) 2ws V where V is the low to low transfer matrix with the temperature sβ 0 . Because of the first factor (1/2) 2ws , the separation condition is satisfied. When the configuration j and i are nequivalent, the configuration i can be generated from j within 2n times operations of V . Thus the transitivity condition corresponds to the fact that all the boundary configurations on the first low are n-equivalent each other with some finite n. When we consider the set of n-equivalent boundary conditions, the corresponding graph-directed IFS is transitive. Hence the fractal dimension s is obtained from the condition
where λ max (β) is the maximum eigenvalue of the transfer matrix V with the temperature β = sβ 0 . Hence we obtain the relation
where f (β) is the free energy of the six-vertex model. We already know that n-equivalent boundary conditions yield the identical free energy in the thermodynamic limit. We now have found that the notions corresponding to the transfer matrix and the n-equivalence have already been introduced in the area of fractal geometry.
Models which satisfy the Yang-Baxter relation provides fractal sets in which the fractal dimensions are determined by the free energies.
This correspondence gives us a relation between theories of fractal and those of lattice models such as the six-vertex model which has an equivalence with the XXZ quantum spin chain and governed by the quantum group. 
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